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Abstract 

In this paper we define multiple Dedekind zeta values (MDZV), using a new type 
of iterated integrals, called iterated integrals on a membrane. One should consider 
them as an number theoretic analogue of multiple zeta values. Over imaginary 
quadratic fields MDZV capture in particular multiple Eisenstein series ,ZGK . We 
give an analogue of multiple Eisenstein series over real quadratic field. And an 
alternative definition of values of multiple Eisenstein-Kronecker series jG2j . Each 
of then as a special case of multiple Dedekind zeta values. MDZV are interpolated 
into functions that we call multiple Dedekind zeta functions (MDZF) . We show that 
MDZF have integral representation and can be written as infinite sums. 
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Introduction 



Multiple Dedekind zeta functions generalize Dedekind zeta functions in the same way as 
multiple zeta functions generalize Riemann zeta function. Let us recall known definitions 
of the above functions. The Riemann zeta function is defined as 



n>0 



where n is an integer. Multiple zeta functions are defined as 

1 



C(S1, . . . = ^ 



Til . . . nr 

0<ni<...<na ^ " 

where ni,...,nd are integers. Both functions ({s) and ({si, . . . , Sd) were defined by 
Euler |Eu] . The Riemann zeta function is closely related to the ring of integers. 

Dedekind zeta function Ck{s) is an analogue of the Riemann zeta function, which is 
closely related to the algebraic integers Ok in a number field K. It is defined as 

where the sum is over all ideals a different from the zero ideal (0) and A'^(o) = ^\Ok/o\ 
is the norm of the ideal a. 

A definition of multiple Dedekind zeta functions should combine ideas from multiple 
zeta functions and from Dedekind zeta functions. 

Let us recall the definition of Masri |Mas| . Let Ki, . . . , Kd be number fields and let 
Oxii for z = 1, . . . , d be the corresponding rings of integers. Let Oj, for z = 1, . . . , d be 
ideals in Oxi-, respectively. Then he defines 

C(i^i,...,K,;.i,. ...,)= Yl iV(ai)-.^.iV(a,^- 

0<Af(ai)<...<iV(od) ^ ^' ^ '^^ 

We propose a different definition. The advantage of our definition is that it leads 
to more properties: analytic, topological and algebra-geometric. Let us give an explicit 
formula for a multiple Dedekind zeta function, in a case when it is easier to formulate. 
Let K he a number field with ring of integers Ok- Let Uk be the group of units in Ok- 
Let C be a cone inside a fundamental domain of Ok modulo Uk- (More precisely, C 
has to be an unimodular simple cone as defined in Section [3l A fundamental domain for 
Ok modulo Uk can be written as a finite union of unimodular simple cones.) For such 
a cone C, we define a multiple Dedekind zeta function 

CK{si,---,Sd) = ^ 



^ N{aiy^N{ai + 02)'^ ■ ■ ■ N{ai + ... + q^)^'* ' 

«i,...adeC 

The key new ingredient in the definition of multiple Dedekind zeta functions is the 
definition of iterated integrals on a membrane. This is an analogue of iterated path 
integrals to higher dimensions. In the iterated integrals on a membrane the iteration 
happens in n-directions. The first place, where such iterated integrals were defined 
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is in [H] which generahzes Manin's non-commutative modular symbol [Man] to higher 
dimensions in some cases, essentially for Hilbert modular surfaces. 
Structure of the paper: 

In Section O we give two Definitions of iterated integrals on a membrane. The second 
Definition is the one needed for the definition of multiple Dedekind zeta values. 

In Section [3l we use some basic algebraic number theory (see [IR]), in order to 
construct the functions that we integrate. We use an idea of Shintani (see |Sh| . [C] ) 
for defining a cone, which is a fundamental domain for the algebraic integers Ok in a 
number field K modulo the units Uk- More precisely, we define an unimodular cone 
(Definition 13. ip and a simple cone (Definition 13. 2p . We associate a product of geometric 
series to every unimodular simple cone. This is the type of functions that we integrate. 
Lemma [3. 71 shows that a fundamental domain for the non-zero integer Ok — {0} modulo 
the units Uk can be written as a finite union of unimodular simple cones. 

In Section HJ we define Dedekind polylogarithms associated to an unimodular simple 
cone. Theorem 14.21 expresses Dedekind zeta values in terms of Dedekind polylogarithms. 
The heart of the section is Definition 14.41 of multiple Dedekind zeta values and Definition 
14.61 of multiple Dedekind zeta functions. 

At the end of the Section there are many examples. Most noticeable are Exam- 
ples 1 and 2 of the simplest multiple Dedekind zeta values. Example 3, expressing par- 
tial Eisenstein-Kronecker series associated to an imaginary quadratic ring as multiple 
Dedekind values (see jG2] . section 8.1) Example 4 considers multiple Eisenstein series 
(for an alternative definition see [G2j . Section 8.2). Examples 5 and 6 are the sim- 
plest multiple Dedekind zeta functions. Example 7 is a mixture of Eisenstein series and 
Dedekind zeta function. Example 9 gives the formula for a general multiple Dedekind 
zeta function. 

In Section [H we prove an analytic continuation of multiple Dedekind zeta functions, 
which allows us to consider special values of multiple Eisenstein series (see [ZGK] ) as 
values of multiple Dedekind zeta functions. Examples 10 and 11, illustrate this relation. 
And example 12 is an analogue of values Eisenstein series associated to a real quadratic 
field. 

In Section [6l we state a conjecture about periods and multiple Dedekind zeta values. 



1 Examples 

We are going to present several examples of Riemann zeta values and multiple zeta 
values in order to introduce a key example of multiple Dedekind zeta value as an iterated 
integral. In stead of considering a general number field, which we will do in the later 
sections, we will examine only the ring of Gaussian integers. Also we will ignore questions 
about convergence. Such questions will be addressed in Sections El 

Let us recall the n-th polylogarithms and their relation to Riemann zeta values. Let 
us define the first polylogarithm 

Lh{xi) = [ = / {xo + xl + xl + ...)— = xi + ^ + ^ + ... 

Jq 1-xo Jq xo 2 3 

The second polylogarithm is 

T ■ / \ dxi , xl xl 



LZ2(X2) = / Lii{xi)— = X2 + + + 







Note that C(2) = Li2{l). The n-th poly logarithm is defined as 



f^" dxn-i 

Lin{Xn) = I Li„_i(x„_i) . (1.1) 

JO Xn-1 

By a direct computation it follows that 

Lin(x) = X -\ 1 h . . . 

The following relation is straightforward: 

C(n) = Lin{l). 

Using Equation ll.il we can express the n-th polylogarithm as 

/■ dxQ dxi dxn-i 
Lin{xn) = / -r-2 A A • • • A . 

Jo<xo<xi<...<Xn ^ -^0 Xi Xn-l 

This is a presentation of the n-th polylogarithm as an iterated integral. We will give also 
an example of a multiple polylogarithm and a multiple zeta value. 

Let Xi = e~** . Then the n-th polylogarithm can be written as an iterated integral in 
the variables to, . . . ,tn in the following way 

Lz„(e-*")- I' dtoA...Adtr.., 



As an infinite sum, we have 



Let us define 



to>ti>...>t„ e*o - 1 



e 



^'n{e-') = Y.^- (1-2) 

fc>0 



I — xi /n \ m / \ / Xi ^ ^ mim + n) 

" \in=l / \n=l / m,n=l ^ ' 

Let Xi = e~*'. Then the Lii^i(l, e~*^) can be written as an iterated integral in the 
variables tQ,ti,t2 in the following way 



As an infinite sum, we have 



to>t,>t, (e*o-l)(eti-l)- 



An example of a multiple zeta value is 



^-^ m(m + n)^ /n 

m,n=l 
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We generalize the Equations 11.21 and 11.31 to Gaussian integers. Let 
Cone = N{l,z} = {a G Z[i]\a = a + ib,a,b e N}. 

Let 

fo{Cone;ti,t2) = exp(— aii — M2). 

fi{Cone,ui,U2) = / / fQ{Cone;ti,t2)dti A dt2. 

Lemma 1.1 (a) e~^^dt = 
(b) Let N{a) = aa. Then 
C C ^M-ah - at2)dt, A dt2 = 

Proof, left for the reader. Then 

f tr^ N Eggcone exp(-am - aU2) 

fi{Cone;ui,U2) = z-— 

N{a) 

Similarly, we define 

foo poo 

fn{Cone;ui,U2) = / / fn-i{Cone;ti,t2)dti A dt2. 

Then _ 

fn{Cone;uuU2) = . 

Note that 



where C(Q(i)(^) is a Dedekind zeta value and C(2?T') is a Riemann zeta value Now we can 
define a number field analogues of Lii,i(l, e~*) as 

fi,i{Cone;vi,V2) = / / fi{Cone;ui,U2)fo{Cone;ui,U2)dui A du2. 



Lemma 1.2 

exp(-(a + /3)ui - {a + l3)v2) 



fi^i{Cone;vi,V2) = ^ 



N(a)N(a + f3) 
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Proof. 

f'co poo 

fi,i{Cone;vi,V2) = / / fi{Cone;ui,U2)fo{Cone;ui,U2)dui A du2 = (1.4) 

= r r ^"P(-"7-^"^^ eM-Pu,-Pu2)du,Adu2= (1.5) 



'VI J VI aeCone ^ p&Cone 

'-"^ exp(-(a + /3)i;i - {a + ^)v2) 

N{a) 



du^ A du2 = (1.6) 

VI JV2 



a,l3£Cone 

^ cxp(-(a + j3)vi - (q + P)v2) , . 

^ N{a)N{a + /3) ' ^ ' 



a,/3£Cone 

Similalry, we define 

roo poo 

fi,2iCone,wi,W2) = / fi^i{Cone;vi,V2)dvi A dv2. 

Jwi Jw2 

A direct computation leads to 

. eyiv{-{oi + li)wi - {a + I3)w2) 
h,2{Cone;^m,W2)= ^ N{a)N{a + PY " 

We define a multiple Dedekind zeta value as 

C§T(l,2) = /M(Co„e;0.0)= ^ W^m^- 

Now let us give a relation of Dedekind zeta values and multiple Dedekind zeta values to 
iterated integrals. Note that 

f2{Cone; vi,V2) = / fo{Cone; ti,t2)dti A dt2 A dui A du2- 

Also 

fi,\{Cone\v\,V2) = I fo{Cone;ti,t2)dtiAdt2Afo{Cone;ui,U2)duiAdu2 

J t\>U\_>V\\t2>U2>V2 

and if we put C = Cone then 

/i,2(C;«^i,^/;2)=(l.8) 
fQ{C;ti,t2)dti A dt2 A /o(C; ui,U2)dui A du2 A dvi A dw2(1.9) 

tl>Ul>Vl>Wi;t2>U2>V2>W2 

2 Iterated integrals on a membrane 

For each i, i = 1, . . . ,n, we cut the admissible interval for ti into subintervals. For fixed 
i, let 

^ > . . . > t j 



values of ti in each subinterval. 

Consider variables by for i = 1, . . . , n and j = 1, . . . ,m. The subscript i corre- 
sponds to i-th direction. 

Let D be a domain defined in terms of the variables , by 

D = {{ti)\t}>t^>...>tr>o}. 

We associate differential n-forms Uj on a manifold M, for j = 1, 2, . . . , m. Let 

g : (0,oo)'* ^ M 
be a smooth map. We will call such a map a membrane. 

Definition 2.1 An iterated integral on a membrane g, in terms of n-forms uj, j = 
1, . . . ,m, is defined as 

/» m 

Definition 2.2 A shuffle between two ordered sets 

Si = {l,...,p} 

and 

S2 = {p + l,...,p + q} 
is a permutation t of the union SiU S2, such that 

1. for a,b G Si, we have r(a) < r(6) if a < b; 

2. for a,b G S2, we have r(a) < r(6) if a < b; 

We denote the set of shuffles between two ordered sets of orders p and q, respectively, by 
Sh{p,q). 

The definition of an iterated integral on a membrane is associated with the following 
objects: 

1. g : (0, 00)" — > C", a smooth map, which maps the i-th real coordinate to the i-th 
complex coordinate; 

2. coi, . . . , ojsfn differential n-forms on C"; 

3. = dzi differential 1-forms on C", for i = 1, . . . , n; 

4. for each i G {1, . . . , n}, take mi copies of the 1-form ai and a shuffie Tj G Sh{m, rrii); 

5. r = (ri, . . . , Tn), the set of n shuffles ri, . . . , r„. 
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Definition 2.3 Given the above data, we define an iterated integral on a membrane g, 
involving n-forms and 1-forms, as 



/TO n m+rrii 

/\ff*c^,(t-(^\...,t-(^))/\ /\ 9*a,{t^^\ (2.10) 
j=l i=lj=m+l 

where 's belong to the domain 

D = {ti\tl>ti>...>tT+^'>0}. 
Note that g*ai{tl'^^^) = dtl'^\ 

3 Cones and geometric series 

Definition 3.1 We call C C Ok a unimodular cone if 

(1) C has exactly m edges, m < n, such that the generators of the edges generate the 
whole cone, where n = [K : Q]. // ei , . . . , are the generators of the edges, then 

m 

C = N{ei, . . . , em} = {a G a|a = ^ ajCj, Oj G N}, 

i=l 

(2) If u ^ 1 is a unit in K and a & C then ua ^ C. 

Definition 3.2 A simple cone is a cone C such that for any two elements a and /3 in 
C and any embedding a : K C, we have 

arg((7(a)) 7^ - arg((7(/?)). 

Definition 3.3 Let C = N{ei, . . . , e^} be a simple unimodular cone with generators ej 
for j = 1, . . . , m and m < n = [K : Q]. We define 

n 

fo{C,ti,...,tn) = ^ exp(-^<Ji(a)tj), 

aeC i=l 

where ti belongs to a sector Si{C) in the complex plane C, defined by the conditions 

Si{C) = {ti G C\Re{aiiej)ti) > 0, for j = 1, . . . , m}. 
Note that Si (C) is non-empty, when the cone C is simple. 

Lemma 3.4 The function fo is uniformly convergent for ti in compact subsets of Si for 
i = 1, . . . ,n. 
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Proof. For tj in compact subset of Si, we have that Ke{ai{ej)ti) > 0. Let 

n 

Vj = JJexp(-CTi(ej)ti). 

Then \yj\ < 1 and 

fo{C,ti, ■ ■ ■ ,tn) 

□ 

Corollary 3.5 The function /o(C, ti, . . . , i„) has analytic continuation to all values of 
ti, . . . ,tn, except at 

n 

1=1 

/or j = 1, . . . ,m. 

Proof. Use the product formula 13.111 in terms of geometric series in yj . The right hand 
side of 13. Ill makes sense for ah yj ^ 1, which gives the conditions in this corollary. □ 

Definition 3.6 We define Cone as a fundamental domain of 

Ok - {0} mod Uk. 

For an ideal a, let 

Cone{a) = Cone fl o. 

Lemma 3.7 For any ideal a the cone Cone{a) can be written as a finite union of uni- 
modular simple cones. 

Proof. It is a simple observation that Cone{a) can be written as a finite union of uni- 
modular cones. We have to show that we can subdivide each of the unimodular cones 
into finite union of unimodular simple cones. Consider the domain 

uGoa ' ' 

where the product is taken over the infinite places of the ideles in the number field K. 
Then T is a finite union of compact tori. 

If C is an unimodular cone, consider the closure of its projection in T. Denote it by 
C. Then one can cut the cone C into finitely many simple cones such that for Ci and any 
embedding cr of into C, we have that arg((T(a)) 7^ — arg(c7(/3)), for a,/3 G Cj. Then 
we can cut each Ci into finitely many unimodular cones Cij. Since Cij is a subcone of a 
simple cone, it is a simple cone as well. Thus, the cones Cjj's are finitely many simple 
unimodular cones, whose union gives Cone{a). □ 

Lemma 3.8 Let C be an unimodular simple cone. Then for every a C , we have 

^K/Qiia)) = e{C)NK/Q{a), 

where e{C) = ±1 depends only on the cone C. 
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m 




(3.11) 



Proof. Note that on the left we have a norm of an ideal and on the right we have a norm 
of a number. Since C is a simple cone, we have that for all real embeddings a : K M, 
the signs of a{a) and cr{(3) are the same for all a and (3 in C. Let be the sign of a{a) 
for each real embedding a. Then the product over all real embeddings of gives e(C). 
□ 

4 Definition of multiple Dedekind zeta functions 
4.1 Dedekind zeta functions and cones 

Let n = [K : Q\ he the degree of the number field K over Q. Let Ok be the ring of 
integers in K. And let Uk be the group of units in K. We are going to use an idea of 
Shintani [Cj by examining Dedekind zeta functions in terms of a cone inside the ring of 
integers. 

Let us recall the Dedekind zeta function 

where a is an ideal in Ok- We also define a partial Dedekind zeta function by summing 
over ideals in a given ideal class [a] 

ckm(^) = Y.NK/Q{br', 

bG[a] 

Now let us consider a partial Dedekind zeta functions C_k:,[o]-i(*)) corresponding to 
an ideal class [a]~^, where a is an integral ideal. For every integral ideal b in the class 
[a]^-*^, we have that 

ob = (a), 

where a € o. Then 

Nk/qW = NK/Q{a)-^NK/Q{{a)). 

Let 

n(a) 

Cone{a) = \J Q(a), 

i=l 

where n(a) is a positive integer and Cj(a)'s are unimodular simple cones. 
Then, 

Ci^,[a]-i(s) = J2 ^K/Q{b)-' = 

be[a]-i 

n(a) 

= NK/Q{ar^e{Q{a)r ^ iVi,/Q(a)-^ (4.12) 
where e(Cj(a)) = ±1, depending on the cone. 
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4.2 Dedekind polylogarithms 

We are going to give an example of higher dimensional iteration in order to illustrate 
the usefulness of this procedure. For a simple unimodular cone C, we define 

fm{C,Ui, . . . ,Un) = ... I fm-l{C,ti,. . . ,tn)dui A . . . AdUn, 

where \ti\ G {\ui\, oo) and arg(nj) = arg(tj). This is an iteration, giving the simplest type 
of iterated integrals on a membrane. We start the induction on m from m = 0. Recall 
that /o was defined in terms of a cone in Definition 13. 31 
As an infinite sum, we can express fm as 

f (r f + exp(-^^^^a^(a)t,) 

Note that 

^K/qia) = cJi(a) . . . cr„(a). 

Definition 4.1 We define an m-th Dedekind polylogarithm, associated to a number field 
K and an unimodular simple cone C , to he 

Li^iC, Xi, . . . , X„) = UiC - log(Xi), . . . , - log(X„)). 

Theorem 4.2 Dedekind zeta value at s = m > 1 can be written as a finite (J-linear 
combination of Dedekind polylogarithms evaluated at {Xi, . . . , X„) = (1, . . . , 1). 

Proof. If Oi, . . . , a/i be integral ideals in Ok, representing all the ideal classes, then 

h n(a)j 

j=l i=l 

where Cj(aj) are simple unimodular cones such that 

n(o)j 

(J Ci{aj) = Cone{a;) 

i=l 

and e(Cj(oj)) = ±1, depending on the cone. Where are the iterated integrals? Consider 
Definition 1.1 with trivial permutations pi, . . . ,p„ and with differential forms 

^1 = fo{Ci{aj),ti, . . . ,t„)dti A ... A dt„, 

a;2 = = • • • = = dfi A . . . A dt„. 

And let g be the identity map on (0,oo)". Then the corresponding iterated integral on 
a membrane gives 

fm{Ci{<Xj), ti, . . . , tn). 

□ 
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4.3 Multiple Dedekind zeta values 

We are going to define a shuffle of ordered sets. We are going to use n such shuffles in 
the definition of multiple Dedekind zeta values at the positive integers. 

Let mi, . . . , m„ be positive integers. The positive integer rrii will denote the number 
of times the differential form dtj occurs. We define the following ordered sets: 

5 = {l,2,...,m}, 

Si = {m+l,. . . ,m + nii}, 

Definition 4.3 Denote by Sh^{p,q) the subset of all shuffles r G Sh{p,q) of the two 
sets {1, . . . ,p} and {p + 1, . . . ,p + q} such that t(1) = 1 

For the definition of multiple Dedekind zeta values at the positive integers, we use 
Definition 12. 3^ where we take the n-forms to be 

= fo{Cj,zi, . . . , Zn)dzi A ... A dZn, 

for j = 1, ... ,171, and for unimodular simple cones Ci, . . . , Cm', and the 1-forms to be 
dzi, . . . , dzn on C". 

Definition 4.4 (Multiple Dedekind zeta values) For fixed i, we have ti G Sh^{m,mi). 
Then ti acts on SuSi. The image of S under the action of Ti cuts the ordered set S U Sj 
into subintervals. We denote the length of each such closed subinterval minus 1 by kij, 
where the intervals in increasing order of the elements have lengths kii,ki2, ■ ■ ■ , kim- We 
define multiple Dedekind zeta values at the positive integers by 

Ck,Ci,...c^ {p, ku,..., knm) = . . . a;„(dzi)™i . . . (dz„)™" 

Examples: 1. Let C be an unimodular simple cone. If all values ki^i are equal to k, 
then 

CK,c{k,...,k) = Y^^^ 

2. Let 

k = = • • • = kfi^i 

and 

I = ^1,2 = • • • = kn,2 

be positive integers greater that 1. Finally, let Ci and C2 be unimodular simple cones in 
the ring of integers Ok of a number field K. Then the corresponding multiple Dedekind 
zeta value can be written both as a sum and as an integral: 

CK,CuC2ik,---,k,l,...,l) = V — r^kTTr . . (4-13) 
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3. Let K be an imaginary quadratic field. Let C be an unimodular simple cone in 
Ok- We can represent the cone C as an N-module: C = N{/i, i^}, for ^ Ok- Put 
z = ^/u. Consider Then 



where the last sum is a portion of the A;-th Eisenstein-Kronecker series. Similar series 
was considered in |G2) . Section 8.1. 

a,fe6Z;(a,f))^(0,0) 

is an analogue of Eisenstein series. 

4. With the notation of Example 3, consider Cft:,c,c(^i,ii ^2,ii ^1,2, ^2,2) with /ci^i = 
^2,1 = ^, ^1,2 = ^2,2 = ^- Then, we obtain an analogue of values of multiple Eisenstein- 
Kronecker series 

CK,c,cik,k,l,l) = i^^''^'' S~] -vTofeTT — \ — ^ — , /l , j\i2r 

^-^ \az + br^lia + cjz + ib + d)]'^'- 

(See also examples 10 and 11 on page 18 of this paper.) An alternative generalization 
was considered in ^G2j . Section 8.2. 

4.4 Multiple Dedekind zeta functions 

We will try to give some intuition behind the integral representation of the multiple 
zeta functions (see in [Gl] ). After that we will generalize the construction to define the 
number field analogues - multiple Dedekind zeta functions. 

We will give two examples. One for ^(3) and one for C(l, 2). We have 

N /" dti dto dts ,, ,, 

C(3) = / —\- A A = (4.14) 

dtiAdt2Adt3 

(4.15) 



tl>t2>t3>0 - 1 

t^dt 







r(3)(e*i-l) 



(4.16) 



The first equality is due to Kontsevich. It is examined in more details in Section [TJ The 
second equality uses the change of variables Xi = e~*'. The last equality uses 

Lemma 4.5 

dti A dt2 A . . . A dt^ - ^ ^ 



Similarly, 



b>ti>t2>...>tn>a r(n+l) 



C(l,2)=/ * A-fi^Al5l= (4.17) 
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Jtl 



tiM2>t3>o - l)(e*2 - 1) 



dti tl~^dt2 



L>t,>o (e*^-l)"r(l)r(2)(e*^-l) 

2-1, 

I 7 / -I /\ll'//r» 

(4.20) 



A . . : w . r = (4.19) 

r(l)r(2)(e*2 - ^ ^ 

u^^^u^^^dui A du2 
(0,00)2 r(l)r(2)(e«i+«2-l)(e«2 -!)• 

The first two equalities are of the same type as in the previous example. For the third 
equality we use Lemma 14.51 For the last equality we use the change of variable 

t2 = U2, 
ti = Ui + U2, 

where ui > and U2 > 0. Following [Glj, we can interpolate the multiple zeta values by 



C{si,...,Sd)=r{si)-'...T{sd)-' [ 

J a 

If we denote by 



^ f ...u/ Mm A... Adud 



(o,oo)rf (e"i+-''d - l)(e''2+-«d - 1) . . . (e"d _ i) 
/o(N;t) = ^e-''*, 



then 



/o(N,t) 



aGN 

1 



1 



and 



d 

'{0,00^ -^^ 

Let n = [K : Q]he the degree of the number field. We recall the definition of /o, 



C(si, ...,Sd) = r(si)-i . . . r(srf)-i / A /o(N; u, + ... + Ud)u/ ^duj 



/o(C;ti,t2,...,tn) = 5]e-E"=i--(")*% 

where ai : K ^ C run through all embeddings of the field K into the complex numbers. 
Let Ci and C2 be two unimodular simple cones. Then we define a multiple Dedekind 
zeta function as 

Ck;Ci,C2(s1,1, . . . , Sn,2) = r(si,i)-^ . . . T{Sn,2)-^ (4.21) 
/o(Ci; (til,! + Ui,2), . . . , {Un,l + lin,2)) X 



'(0,oo)2" 

n n 

x/o(C2; (^il,2, • • • ,Un,2) 

i=l 1=1 

This definition combines both double zeta function and multiple Dedekind zeta values 
with double iteration. More generally, we can interpolate all multiple Dedekind zeta 
values into multiple Dedekind zeta functions so that multiple zeta functions are particular 
cases. 
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Definition 4.6 (Multiple Dedekind zeta functions) Let n = [K;Q] be the degree of the 
number field. Let Ci, . . . ,Cm be m unimodular simple cones in Ok- Let uj G (0, cx)) 
for i = 1, . . . , n and j = 1, . . . ,m. We define multiple Dedekind zeta functions by the 
integral 

Ck;Ci,...,C^(si1,...,S„„) = W r(sij)-^ 

(m)={i,i) 

. m n 

I A -^O^^J'; (^I'J + ■ ■ ■ + ■ ■ ■ , iUn,j + ... + Un,m)) /\ u'^f^dUij (4.22) 



j=l 1=1 



Examples: 

5. If all variables Sj^i, for i = 1, . . . , n have the same value s, then 

6. In particular, if 

Sj = Sij = S2,j = . . . = Sn,j 

for j = 1,2, then 

Ck,c.,c, ((1), . . . , (1), s,,^, Sr.,,) = ^Y.^^^ NkM-Y^^'kMc^ + PY^- 

7. Let K be any number field, let m = 1 and let C be an unimodular simple cone in 
Ok- Then 

Ck,c{si,1, Sn,l) = zr— sTJ, 

aeC J- ■1-1=1 

where ai = cri(a) is the i-th embedding in the complex numbers. 

8. Now, let m = 2. Then we have a double iteration. Let K be any number field. 
Let Ci and be two unimodular simple cones. Then 

Ck,C^,C, ■ ■ ■ , Sn,2) = J2 Tin ^s^A^^ - 

9. For the general form of a multiple Dedekind zeta function, we need: a number 
field K; unimodular simple cones Cj in Ok, for j = 1, . . . ,m; elements € Cj for 
j = 1,. . . ,m; complex embeddings of the elements ctj = C7i(a(j)); Then, in general, 
multiple Dedekind zeta function is 

CK,Ci,...,Cm (^1,1' • • • J Sn,m) = 

y (4.23) 

a^)eCj for j=l,...,m lli=l lli=l yi^k=l "i,k) J 



15 



5 Analytic continuation of multiple Dedekind zeta func- 
tions 



First, let us consider the function 

where = cri{a) and Cj is an unimodular simple cone. Let Kj be the rank of the cone 
Cj. Let ej^i, . . . , ej,Kj be the generators of the edges of the cone Cj. Let 

n 

i=l 

and 

With the above notation for the unimodular simple cone Cj, we have a formula of the 
type of Equation 13.111 

Lemma 5.1 In terms ofti, . . . ,tn, the poles of Jq occur at the hyperplanes 



n 



for k = 1, . . . , Kj , where the function has simple poles. 
Corollary 5.2 The function 



Y\_ '^j,k I fo{Cj,tl, . . . ,tn) 



is homomorphic on C". 

Theorem 5.3 Multiple Dedekind zeta functions have meromorphic continuation to val- 
ues of Sij G C. 

Proof. We are going to prove meromorphic continuation of partial multiple Dedekind 
zeta functions. As a consequence, we obtain that multiple Dedekind zeta functions have 
meromorphic continuation, since they can be written as a finite sum of partial multiple 
Dedekind zeta functions. 
Let 

Uij = t{ — for j < m. 

If j = m, we define Uim = tT- 



16 



K 

Let {ij,k}k=i be a basis for Cj. The cone Cj gives rise of geometric series with 
generators 

n 
i=l 

We can express Vj^k in terms of Uij by 



■^i.fc = (^i{'^j,k)iUi,j + • • • + Ui^r 



i=l 



Recall that the domain for Uij is (0, oo). Therefore, a multiple Dedekind zeta function 
can be written as 



(n,m) 

A 

{m)={i,i) 



Let 



Let also 



H,j + 



Uij for Uij > 



for Uij < 0. 



n m 

Now we define a function l^(sjj, s^^) as the distribution 



o . . _1 S , — 1 

applied to the smooth function 

m, K-i 



nn 



Vj,k 



L ±1 (gfj.fe _ 1) 
lfc=l ^ ' 

Prom Gelfand-Shilov's approach [GSh| . the function W has analytic continuation. 
We can obtain that first for the variables Sij. And for s^. ^, after the following change of 
variables. Note that Vj^k and Uij are related by a linear change of variables. Let Wij be 
another basis among the variables Uij and Vj^k, including the variables Vj^^- Let also J 
be the Jacobian of the change of variables from Uij to Wij. Then 

o . . _1 S'. , — 1 

We are interested in the function W{sij, s'j j^) at s^.^ = 0. 

Lemma 5.4 The function W{sij, s'^f^) has zeroes along the divisors s'-^ = 0. 
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Proof. The following function has meromorphic continuation 



j=i k=i 

Moreover, Z(sjj,0) is multiple Dedekind zeta function, which is weh defined for 
positive values Sij > 1. Thus, the function Z has no poles along s^-^ = 0. Moreover, 
Z has meromorphic continuation. Therefore, the multiple Dedekind zeta functions have 
meromorphic continuation. 

Examples: Using the analytic continuation, we can consider values of the multiple 
Dedekind zeta functions, when one or more of the arguments are zero, which allows us 
to express special values of multiple Eisenstein series (see |ZGK] ) as multiple Dedekind 
zeta values. 

10. Let K be an imaginary quadratic field. Let C be an unimodular simple cone in 
Ok- We can represent the cone C as an N-module: C = N{/i, z^}, for € Ok- Put 
z = ^/u. Consider Cx,c(^i,i) ^2,1) at ki^i = k and A;2,i = 0. 

Then 

where the last sum is a portion of the k-ih. Eisenstein series. 

a,feeZ;(a,6)^(0,0) ^ ' 

is an analogue of Eisenstein series. 

11. With the notation of Example 3, consider C-ft'.C.cCfci,!; ^2,1, ^1,2, ^2,2) with ki^i = 
k, ^1,2 = ^ and /c2,i = k2^2 = 0. Then, we obtain a value of multiple Eisenstein series 

CK,c,c{k,0,l,0) = 1^-''-^ E ( ^u\k(( / ^ ^,u^^\\v 

12. Similarly, one can define analogue of values of the above Eisenstein series over 
real quadratic field K, by setting 



Ek{z) = ^\K,c{m = Y.^k^ 



where C = N{/x, i^} C Ok is an unimodular simple cone in the ring of integers in a real 
quadratic field and di : IT — ?> M is one of the real embeddings. 

For the correct definition in Example 12, we use the analytic continuation of multiple 
Dedekind zeta functions, Theorem 15.31 In fact, the infinite sum would converge for 
exactly one of the real embeddings and > 2, we leave this as an exercise. 
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6 Final remarks 



We do expect that multiple Dedkeind zeta values should give periods in the sense of 
[KZj . More precisely: 

Conjecture 6.1 Let K he a number field. For any choice of unimodular simple cones 
Ci, . . . ,Cm, in the ring of integers of a number field K, we have that the multiple 
Dedekind zeta values 

C-ft:;Ci,...,C„(fcl,l, • • • , km,n) 

are periods, when the fci^i, . . . , km,n are natural numbers greater than 1. 
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